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Topologically Massive Gravity and Black Holes in Three Dimensions 
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We obtain a general class of exact solutions to topologically massive gravity with or without a 
negative cosmological constant. In the first case, we show that the solution is supersymmetric and 
asymptotically approaches the extremal BTZ black hole solution, while in the latter case it goes to 
flat space-time. 
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The discovery of BTZ black holes O enhanced the interest in (1+2) dimensional gravity models considerably as 



O; 

^-v ' their thermodynamic properties closely resemble those of (1+3) dimensional black holes. However, it is well known 

^SJ . that general relativity in (1+2) dimensions has no propagating degrees of freedom and no Newtonian limit (see e.g. 

p. ' and the references therein). A physically interesting modification of the (1+2) dimensional general relativity that 

qj cures at least some of these deficiencies is provided by the addition of the gravitational Chern-Simons term to the 

C/^ usual Einstein-Hilbert term in the action. This theory is usually called topologically massive gravity (TMG) Q, whose 

iy~ \ field equations include the Cotton tensor, which is the analogue of the Weyl tensor in three dimensions, in addition 

p^ • to the usual Einstein tensor. With this addition new degrees of freedom are introduced and one now has a dynamical 

theory with a massive graviton. The BTZ metric satisfies the TMG field equations in a trivial way as the Cotton 

tensor vanishes identically. Black hole type solutions for which the Cotton tensor is not trivial has been long sought 

for. In fact a solution to the linearized version of TMG for a stationary rotationally symmetric source was found and 

it was conjectured that there are no asymptotically flat stationary solutions in the absence of any sources B. Here 

rS ] we exhibit a new class of exact supersymmetric solutions that, with an appropriate choice of integration constants, 

Q^ • may have event horizons and asymptotically approach the extremal BTZ black hole solution. 

^^ \ We consider the action /[e, ui] = /^ L where the Lagrangian 3-form 

5^ ^ contains the Einstein-Hilbert term, a negative cosmological constant A = —1//^ < and the gravitational Chern- 
f^' Simons term with the coupling constant /i, written in terms of Levi-Civita connection 1-forms Ld"^^. Thus the variation 
^ ' of / with respect to orthonormal coframes e° yields: 

X: 



- a + Ga + A * e„ = , (2) 

M 

where the Einstein 2-forms Ga = Gab * e^ = —^R'"^ * Cabc and the Cotton 2- forms Ga = DYa = dYa + oj^ A Yfe. We 
defined Yq = {Ric)a — jTlCa, in terms of the Ricci 1-forms {Ric)b = ia R^, and the curvature scalar TZ = La (Ric)"'- 
Here R'\ — dw'^+o;" Acj'^j, are the curvature 2-forms of the Levi-Civita connection 1-forms that satisfy Cartan structure 
equations de° + ojI, A e'' = 0. Hodge duality is specified by the oriented volume element *1 = e° A e^ A e^. 
The solutions will be given in terms of the local coordinates {t, p, (f>) by the metric tensor 

5 = -e" (g) e° + e^ ® e^ + e^ (X) e^ , (3) 

where we choose 



e 



° - f{p)dt , e^ =dp , e^ = h{p){d(t) + a{p)dt). (4) 



Denoting the derivatives with respect to p by a prime, the connection 1-forms are found to be: 



-Pe^ , w% = --f3e^ , w\ = --/ 



w\ = ae° - -Pe^ , w% = --f3e' , w\ = --f3e" - je' , (5) 



where we set the connection coefficients 



f a'h h' 

a=j , (3=— , j=j . (6) 

The corresponding curvature 2-fornis turn out to be 

R\ = Ae} A e" + Be^ A e^ , i?°2 = Ce^ A e° , R\ = Be" A e^ + De^ A e^ , (7) 

where we defined 

A = a' + a'-^(3' , B = 1/3' +7/3 , C = aj+^f3' , D = j'+j^ + ^(3\ 
After some algebra the field equations can be reduced to: 



11,, 1 



-D + - + -[B' + Bj+ -f3{C -A)]=0 , (8) 



-B + -[^{D -A-Cy + a{D - C) + ^/3S] = , (9) 

C - 1 + i[(7 - a)S + \(3{A - Z?)] = , (10) 

A - i + -[B' + aS + i/3(C + Z? - 2A)] = . (11) 
We found it remarkable that the following conditions on the connection coefRcients 

"=2^+T ' ^ = -2^+7 ' (12) 

(with /c^ = 1), that follow from the field equations and were essential for finding the general self-dual solutions of the 
Einstein-Maxwell-Chern-Simons theory in (1+2) dimensions [Q, turn out to yield solutions in the present case as well. 
In fact, the conditions ( [l2|) have a significance in the following sense: Any solution of topologically massive gravity is 
said to be supersymmetry preserving provided there exists a nontrivial real 2-spinor e satisfying ||^ 

(2I?+i^)e^0 (13) 

where 7 = 7ae° and T) = d+ ^w""^ dab with aab — jila, lb] ■ With a suitable choice of real 7-matrices and after some 
algebra we find that dl2) are in fact the necessary and sufficient conditions for supersymmetry. It should be noted, 
however, that with the above assumption only the extremal BTZ solution can be recovered as |/z| — > 00. 
The curvature components are now greatly simplified and they are given by 



^ ■ ^ = ^^ ' ^ = ^ ' ^ = T^ 



A = U+-^ , B = kU , C=-2 , D = -^-U (14) 



where 



U^-Ip' + jP+'I(3' . (15) 



The equations (ra) - (|ll[) are satisfied simultaneously provided U satisfies 



U' - kpU + ij + kfi)U = . (16) 



By setting V — kfj in (16), we arrive at the linear first order ordinary differential equation 



This is easily integrated and 



V + {\-k^i)V ^2 . (17) 



^._^__[l4-/3oe-(V-.)P] 



for some integration constant /?o. Hence, going back to the definition of U (|l^) and substituting for V, we obtain a 
differential equation for /? as: 



Setting u! — 1//3, one finds: 



When integrated, this yields: 



(1// - M 



1 + /?oe-(i/'-fcM)P I 



--]LU + k = . (19) 



^ oj 1 + /3ie2p/' + /32e(iA-feM)P ^^"^ 

for integration constants (32 = ;g h/i+fc ) ^^'^ /^i- Finally the metric functions are found to be 

/ - /oe^''/'[l + Pie^"'^ + /52e(i/'-'=^)'']-i/2 , (21) 

h^hn[\ + Pie^p/^ + |32e^^/^~''^'^PY/^ , (22) 

a = -ao + fc l^e^"/' [1 + Pie'P'^ + /32e(i/'~^'^)'']-i , (23) 

ho 

where ao, /o and h^ are some new integration constants. 

Depending on the values of the integration constants /3i and jd^ (of course as well as on / and /x) , one might have 
singularities in these metric functions. It is not difficult to verify that for 1 + /32 > /3i > 0, the metric function g^ 
changes sign for some po G [0, oo). However, an analysis as the one given in [|l| cannot be given here since, at the very 
starting point, it is impossible for one to invert the functional relation r — h{p) and to rewrite the metric in terms 
of r. That step is crucial for one to convert the metric into the well studied form of the BTZ (and hence the AdS) 
metric and make use of the vast literature on that subject. Then we ask what else can be done and for that we go 
back to the full solution and analyze the quasilocal mass and the angular momentum. We refer the reader to H for a 
discussion of how these quantities can be found in this AdS background. For the quasilocal angular momentum, we 
have 

j{r) = khl^{r) (24) 

where ip{p) = 2/^ + /32(l/^ + fc/i)e'^^/'~'^'')'' and again one finds that one has to invert r — h{p) so that ip can be written 
as a function of r. Similarly the quasilocal energy turns out to be 

E{r) = %{r) = ^j{r) (25) 

whereas the quasilocal mass is 

■m{r) = aoj(r) = fcao/io¥'(r) . (26) 

The total angular momentum J and the total mass M are defined by the limits J = i{'i')\r^oo and M = ?7i(r)|,._^oo, 
respectively. To see what can be said about J and M, we first start by examining a{r). Depending on the values of I 
and /i, a either goes to — ao or — oq + ■ ^ as r — > cxd. Hence for a to vanish asymptotically as r ^ cxd, ao should be 

chosen either as or as 77^. When l/l > fc/z, ao = and hence Af = whereas J ^ 00. For l/l < fc/i, J is finite and 
J = 2kK^/l. Then ao = j^ and M = qqJ is finite as well. As fc/i -^ 00, this solution approaches the extremal BTZ 
solution. To see this, use the freedom to choose the radial coordinate and replace p by r = h[p). So now e^ = g{r) dr 
for some function g and 

^ dp _ Ir _ fphp f j_ _ 1\ _ _ fc/o (^ hi 

^-dr-{r^-hl) '^- 13, \hl r) '"" "'^h.P, 



Compiaring with the BTZ solution [Q, |Ql, it is easily seen that choosing J = 2hl/l, M — J/l, k = 1, ao = l/l 

fa 
Pi 



and 4^ — ho /I, one gets the extremal BTZ solution. It is well known that the BTZ solution is quite similar to the 



Kerr solution in 3+1 dimensions ||i[. Since both our solution and the extremal BTZ solution are supersymmetric Q 
(just like the extremal Kerr solution in 3+1 dimensions), it is perhaps not surprising that one gets the extremal BTZ 
solution in the limit. 

In the absence of a cosmological constant, the solution has to be reanalyzed since simply setting l/l = in the 
above expressions does not give the desired limiting solution. In this case, V is now 



whereas the equation for uj becomes 



Integrating this, one finds: 



V^=-^(l + /3oe"^'') , (27) 

, kjj. 



1 + |3Qe^^'P 



k^O . (28) 



UJ 1 - ^iPoiuJo + kp)e''fP ^ ' 

for some integration constant ljq. The new metric functions arc finally found to be: 

f^f^[e-'^PP~^lp^{uJ^ + kp)]-'/^ , (30) 

h = ho[e-'"'P~pMuj^ + kp)]"^ , (31) 

a = -ao + k^[e-''PP - ^lPa{LO^ + kp)]-^ , (32) 

fto 

where /o, Hq and aq again denote some integration constants. For this case, all the nontrivial components of the 
curvature 2-forms i?°{, are proportional to [/, as can be easily seen by examining (M) and dlj). By using (p^) and (09) 
in the definition oiU — ky, we find that 

u^ 1 
U = _i! . f33) 

2 1 - fif3a{LUo + kp)e''P-P ' ^ ' 

If kp > 0, then as p ^ 00, U ^ and hence R'\^ — > 0, which implies that this solution asymptotically approaches flat 
space. However, we checked that it is not accesible to linearization about flat space in the sense of Ref. [4]. 

In summary, we have obtained a new solution to the topologically massive gravity model with a negative cosmological 
constant. We have shown that it asymptotically approaches the extremal BTZ solution, and depending on the 
integration constants, has event horizons. Moreover it does go to flat space as one sets the cosmological constant to 
zero. 

We thank Professors S. Deser and Yu. N. Obukhov for enlightening discussions. 
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